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Abstract. It has been demonstrated in previous studies that local elastomer coatings covering the end coils of helical springs can efficiently 
reduce the amplitudes of circum-resonant vibrations in such springs. The analysis of the influence that elastic coatings have on the frequencies 
and modes of natural transverse vibrations of springs is presented in this paper. The concept of the equivalent beam of the Timoshenko type is 
utilized in calculations of the frequencies and modes of transverse vibrations. The model developed allows users to determine the frequencies 
and modes of symmetric as well as antisymmetric vibrations of axially loaded springs with elastic coatings of arbitrary length. A comparison 
of the results obtained using FEM analysis, in which the model represented the actual spring geometry, with the results obtained by means of 
the presented model indicates its high accuracy.
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model of a spatially curved rod, the model of an equivalent rod 
or beam, and the model in which a continuous system, such as 
a spring, is substituted by a discrete-periodic system consisting 
of concentrated masses joined by a mass-less stiffness, jointly 
representing one spring coil or its fragment.

Equations of motion are written for an elementary fragment 
of a spring wire in the first model. Such a formulation of the 
problem [12, 13] allows arbitrary modes and frequencies of 
spring vibrations to be determined, however, solving it by an-
alytical methods is very difficult and therefore such a solution 
is not suitable in practical applications. These difficulties mean 
that in several studies concerning the analysis of spring vibra-
tions treated as a spatially curved rod, the authors use numerical 
methods. New finite elements, capable of modeling spring coils 
or their fragments were proposed in [14]. They are suitable 
for application in static problems as well as when looking for 
natural frequencies of helical springs. Mottershead provided, 
in the above-mentioned paper, experimental results later uti-
lized by other authors. A similar approach to the problems of 
helical springs was presented in [15–17]. Pearson expanded – in 
[18] – equations provided by Wittrick [13], taking into account 
the influence of a static axial force. For determining natural 
vibrations, he applied the transfer matrix method. The same 
method was used in [19], concerning the analysis of parameters 
influencing natural frequencies of helical springs (utilizing the 
Cayley-Hamilton theorem), and in [20]. In this last paper, the 
authors compared their results with the results obtained on the 
basis of the Haringx model [21]. They pointed out that, in the 
case of helical springs with geometrical parameters, typical 
of springs used in machine buildings, the conformity between 
the results obtained by them and the results obtained using the 
Haringx model is high. In the numerical example quoted by 
them, for which the first 16 natural frequencies were deter-
mined, the maximum difference between their results and the 
ones from the Haringx model did not exceed 1.3%. In the case 

1. Introduction

Helical springs, widely used in machine building [1–4], are often 
exposed to operations under the influence of dynamic forces of 
a wide range of frequencies. Work under circum-resonant con-
ditions, due to the negligible damping properties of steel, can 
cause spring vibrations of high amplitudes. Dynamic stresses 
formed then constitute threats for the work safety of springs. In 
order to limit the amplitudes of vibrations, methods based on 
increasing the energy scattering of spring vibrations are applied. 
Such a scattering effect can be obtained by means of external 
friction between a spring wire and cooperating elements [5] or 
by applying an elastic washer – made of a highly damping ma-
terial – under a spring [6]. The drawback of the first solution 
is that it wipes off an external layer of a spring wire, which 
can negatively influence its fatigue strength, since the state of 
the spring wire surface is essential for its fatigue strength [7]. 
Meanwhile, the second solution increases the spring flexibility 
to its elastic stability, which was analyzed in [8]. Another solu-
tion increasing the scattering of spring vibration energy is to 
cover the spring wire with coatings made of a highly damping 
material, presented e.g. [9]. This method’s efficiency in relation 
to longitudinal vibrations was investigated in [10]. It was shown 
in [11] that, with the application of the same amount of damping 
materials, better damping efficiency of longitudinal vibrations 
can be obtained by applying local elastomeric coatings. The 
influence of these coatings on the frequencies and modes of 
longitudinal vibrations was investigated in the same paper.

The analysis of problems related to the dynamic character-
istics of springs can be carried out on three model types: the 
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of springs of large helix angles and a high slenderness ratio 
(not generally applied in practice due to their tendency to lose 
elastic stability), the authors proved that in order to achieve 
high conformity between natural frequencies obtained by them 
and the results from the standard Haringx model, it is enough 
to multiply the last ones by the cosine of the helix angle. In the 
numerical example quoted by them, in which they determined 
the first 10 natural frequencies of the spring – with the helix 
angle at 23° – after multiplication of the natural frequencies 
obtained from the Haringx model by the cosine of this angle, 
the differences between the results obtained from both models 
did not exceed 1%. The authors noticed that more accurate de-
pendencies, describing equivalent bending and shear stiffness, 
and applied in relation to the Haringx concept, would be able 
to explain this effect. Such dependencies, taking into account, 
among others, the non-zero and variable (together with an axial 
load–) values of the helix angle, in relation to the elastic sta-
bility problem of helical springs, were derived in [22]. A new 
numerical method of determining natural frequencies of helical 
springs by means of the stiffness method was proposed in [23]. 
The dynamic stiffness method involving the Wittrick-Williams 
algorithm [24] was applied for the accurate solution of the nat-
ural frequencies problem, in [25]. The authors of that study 
treated the spring wire as the Euler-Bernoulli beam. The same 
method was applied in [26] for the determination of natural 
frequencies of a spring whose wire was treated as the Timos-
henko beam, taking into account the effects related to wire 
shearing and rotational inertia of its cross-sections. The authors 
compared the results thus obtained with the results given by 
Pearson in [18] and with the FEM results. The pseudospectral 
method was applied in [27] for natural frequencies determina-
tion. The authors of [28] presented models allowing the natural 
frequencies of springs made of wires of non-circular cross-sec-
tions to be determined, taking into consideration the influence 
of the warping effect (related to twisting of the spring wire) on 
natural frequency values. They showed that this influence was 
larger in the case of non-cylindrical springs than in the case of 
cylindrical ones.

A model treating the spring as an equivalent rod was given 
by Timoshenko [29]. Using this model, Timoshenko analyzed 
the problem of elastic stability of helical springs, assuming that 
the helix angle was constant and equaled zero, regardless of the 
axial load. Haringx used this model in his study concerning 
the elastic stability of helical springs [30] as well as in later 
works concerning vibrations of helical springs [21]. The results 
presented in this last study, concerning springs of various slen-
derness ratios and various relative deflections, link the zeroing 
of the first natural transverse frequency with the moment of 
losing static elastic stability (cf. [21], p. 80). This model was 
used and developed by Wittrick [13], who took into account 
couplings between longitudinal and torsional spring vibrations. 
He directed his attention to different wave propagation veloci-
ties along the helix line related to the wire twisting and bending. 
The authors of [31] expanded the studies of Haringx to higher 
frequencies of transverse vibrations of helix springs, relating 
their values to the value of the first longitudinal natural fre-
quency and verifying the results obtained experimentally. They 

mentioned in this study that for certain values of relative spring 
shortening caused by its axial loading, equalizing of various 
mode frequencies of natural vibrations can occur. The authors 
of [32] analyzed the compatibility of results for frequencies of 
natural longitudinal and torsional vibrations obtained from the 
Haringx model, the Wittrick model and the equivalent discrete 
model with experimental results. They pointed out that, in rela-
tion to longitudinal forms of vibrations, a divergence between 
the results obtained from the Wittrick and the Haringx models 
becomes significant only for the mode of vibrations in which the 
wave length is smaller than approximately four coils. They also 
proved that for longitudinal and torsional vibrations the equiv-
alent discrete-periodic model provides highly accurate results 
even for the form of the wave length that equals two coils. This 
model is used in engineering practice in the automotive industry 
for modeling dynamics of valve systems in internal combustion 
engines, and presented e.g. [33]. The Haringx model was also 
used in study [34] to determine the natural frequencies of trans-
verse vibrations of a simply supported spring. It was pointed 
out, in [35], that the above-mentioned equivalent rod concept, 
proposed in [22] for the analysis of elastic stability of helical 
springs, can also be applied in the analysis of natural transverse 
vibrations of helical springs. Its application, after modification 
resulting from different boundary conditions, provides results 
nearer to FEM results and the results obtained by other authors 
[18, 26] (treating the spring as a spatially curved rod) than the 
standard concept of Timoshenko. A method that allows users to 
determine – before starting computations – the form of the solu-
tion for the wave equation of motion, depending on the spring 
slenderness ratio and its relative static deflection, was presented 
in this paper. This form, as it is known, depends on whether 
the investigated natural frequency of transverse vibrations is 
smaller or larger than the cut-off frequency. This problem was 
analyzed in relation to stocky beams in [36, 37].

The aim of this paper is to develop a model enabling users 
to determine the influence of the parameters of elastic coatings 
of arbitrary length, made of materials such as rubber or macro-
molecular polymers, on the frequencies and modes of natural 
transverse vibrations in springs loaded by a static axial force.

2. Motion equations

As it was shown in study [10] with reference to longitudinal 
vibrations of helical spring with damping coating covering 
the spring wire on its whole length, the influence of damping, 
which can be possible to obtain in practice by means of using 
coating materials such as rubber or typical macromolecular 
polymers, on natural frequencies is negligible. On the other 
hand, internal material damping – modeled on equivalent in-
ternal linear damping – has no influence on the shapes of nat-
ural modes of transversal vibrations. Thus, analysis of natural 
transversal vibrations of a helical spring with coatings made 
of elastic materials exhibiting damping properties can be con-
ducted using a model of undamped vibrations without making 
significant mistakes. Further considerations are conducted 
under this assumption.




















